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This paper is dedicated to Toshiaki Shoji, on his sixtieth birthday. 

Abstract. We study the endomorphism algebras of a modular Gelfand-Graev 
representation of a finite reductive group by investigating modular properties of 
homomorphisms constructed by Curtis and Curtis-Shoji. 



Let G be a connected reductive group defined over an algebraic closure F of the 
field of p-elements ¥ p and suppose that it is endowed with a Frobenius endomorphism 
F : G — > G relative to an F g -structure. Since the work of Lusztig, it has been 
natural to ask to what extent the theory of the representations of G F depends on 
q. For example, it was shown by Lusztig that the unipotent characters of G F are 
parametrized by a set which is independent of q (the set depends solely on the Weyl 
group of G and on the action of F on this Weyl group). 

On the side of ^-modular representations (where i is a prime different from p), 
the work of Fong and Srinivasan on the general linear and unitary groups [FSlj and 
on the classical groups [FS2j . then that of Broue, Malle and Michel (introducing 
the notion of generic groups [BMM]) and of Cabanes and Enguehard |CElj give 
evidence of analogous results. For instance, in most cases, the unipotent £-blocks of 
G F only depend on the order of q modulo £, and not on the value of q itself |CE2|. 
Chapter 22]. 

Let (K, O, k) denote an ^-modular system, sufficiently large. In this article we will 
study the endomorphism algebra of a modular Gelfand-Graev representation 
r£L of G Fd (this is a projective OG Fd -module). We will study also the corresponding 
unipotent parts b^H^ and (here, 6^ denotes the sum of the unipotent 

blocks of OG pd ). We make the following conjecture, which is related to the question 
mentioned above: 



Conjecture 1. If £ does not divide [G pd : G F ], then the O-algebras 
^(cQ^fcQ an d ^(1)^(1) are isomorphic. 
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The OG F -module 6^T^ is projective and indecomposable : it is the projective 
cover of the modular Steinberg module. Conjecture 1, if proven, would show that 
the endomorphism algebra of this module does not depend too much on q. 

In this article, we approach Conjecture 1 by the study of a morphism #Cur L , „ : 
•^^(d) — > K7~tfd) (where L is an instable Levi subgroup of a parabolic subgroup of 
G). When T is a maximal instable torus of G, this morphism was constructed by 
Curtis [CI Theorem 4.2] and it is defined over O (i.e. there exists a morphism of al- 
gebras Cur^d) : Hfy — ► 'Hfd) = OT pd such that #Cur G ( d -) is obtained from CurJj^) 
by extension of scalars). We will also consider a product of Curtis homomorphisms 

Cur&rftg,— J] 
TeT Fd 

where T is the variety of maximal tori of G. Finally, we will study a morphism of 
K-algebras j<-A G : KTiys — > KTt$L defined by Curtis and Shoji |CSl Theorem 1]. 
With this notation, we can state Conjecture 1 more precisely : 

Conjecture 2. With the notation above, we have: 

(a) #-Cur G is defined over O . 

(b) /f A G is defined over O. 

(c) If £ does not divide [G pd : G F ], then i<-A G induces an isomor- 
phism bf d) Hf d) ~bf x) Hf iy 

The main results of this article are obtained under the hypothesis that I does not 
divide the order of the Weyl group W of G. 

Theorem. If £ does not divide \ W\, then Conjecture 2 holds. 

Statement (a) is proved in Corollary 13.121 ; statement (b) in Theorem 14.41 ; state- 
ment (c) is shown in Theorem 14.91 In order to obtain our theorem, we proved two 
more precise results which do not necessarily hold when £ does divide \W\. 

Theorem 13.71 If £ does not divide \W\, then 

Im(Cur«) = ImUCurg)) n ]J OT pd . 

Theorem 13.131 If £ does not divide \ W\, then 

bf d) Hf d) (OSf^ {s \ 
where S is a Sylow l-subgrowp of G pd . 

Remark- With the above notation, if i does not divide | W| , then S is abelian, and 
hence a consequence of the above result is that if i does not divide \W\, then the 
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isomorphism type of the (9-algebra b^Ti.^ depends only on the fusion of ^-elements 



This article is organized as follows. In the first section, we recall the definitions 
of the Gelfand-Graev representations as well as some of the principal properties of 
their endomorphism algebras (commutativity for example). In the second section, 
we construct the generalisation of the Curtis homomorphism. In the third part 
we study the product of Curtis homomorphisms and prove, amongst other things, 
Theorems 13.71 and 13.131 stated above. In the last part, we study the Curtis-Shoji 
homomorphism and prove statement (c) of Conjecture 2 when £ does not divide \ W\. 

Notation - If A is a finite dimensional algebra over a field, we denote by 7Z{A) 
the Grothendieck group of the category of finitely generated A-modules. If M is 
a finitely generated A-module, we denote by [M] its class in 71(A). The opposite 
algebra of A will be denoted by A° . 

All along this paper, we fix a prime number p, an algebraic closure F of the finite 
field with p elements ¥ p , a prime number I different fromp and an algebraic extension 
K of the £-adic field <Q^. Let O be the ring of integers of K, let [ be the maximal 
ideal of O and let k denote the residue field of O: k is an algebraic extension of 
the finite field F^. Throughout this paper, we assume that the ^-modular system 
(K, O, k) is sufficiently large for all the finite groups considered in this paper. 

If A is a commutative (9-algebra (for instance A = k or K), and if M is an O- 
module, we set AM = A ®q M. If / : M — > N is a morphism of (9-modules, we 
define \f : AM — > AN to be the morphism Ma <8>o/- If V is a free left A-module, 
we denote by V* = Hohia(V, A) its dual: if V is a left A-module for some A-algebra 
A, then V* is seen as a right A-module. 

If G is a finite group, we denote by Irr G the set of irreducible characters of G over 
K. If x £ IrrCr, let e x (or if we need to emphasize the ambient group) denote 
the associated central primitive idempotent of KG : 




The conjugacy relation in G is denoted by ~ or ~g if necessary. 



1. Background material 



l.A. The set-up. We fix once and for all a connected reductive algebraic group G 
over F and we assume that it is endowed with an isogeny F : G — ► G such that 
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some power of F is a Frobenius endomorphism of G with respect to some rational 
structure on G over a finite extension of ¥ p . We denote by q the positive real number 
such that, for every 5^1 such that F s is a Frobenius endomorphism of G over a 
finite field with r elements, we have r = q 5 . 

l.B. Gelfand-Graev representations. We fix an F-stable Borel subgroup Bq of 
G and an F-stable maximal torus of Bq. Let Uq denote the unipotent radical of 
Bq- We fix once and for all a regular linear character ip : Uq — > O x C K x (in the 
sense of |DLMll Definition 2.3]). Since |U G | = g dimU(3 is a power of p, the primitive 
central idempotent e$ of KXJq belongs to OUq. We denote by the projective 
OUQ-module OXJ^e^: it is O-free of rank one and is acted on by Uq through ip. 
Let 

T G = OG F e^ ~ Indgg 0^. 

Then r G is a projective 0G F -module; the corresponding representation is called a 
Gelfand-Graev representation of G F . 
Let 7i G denote the endomorphism algebra of the OG F -module T G . We have 

(1.1) H G ~ (e^0G%)° 
Since OG F is a symmetric algebra, we have that 

(1.2) H G is symmetric. 

The next result is much more difficult (see (S] Theorem 15] for the general case): 
Theorem 1.3. The algebra 7i G is commutative. 

Therefore, we shall identify the algebras 7i G and e^OG F e^. 

If A is a commutative C-algebra, we denote by the idempotent 1a ®e> e ip °f 
AUq = A®o0Uq. Since T G is projective, the AG F -module Ar G is also projective 
and its endomorphism algebra is A7i G (since it is isomorphic to Hohia(AF g , A)®ag f 
Ar G ). We have of course (taking into account that TC G is symmetric) 

(1.4) AH G = e*AG%. 
Since KG F is split semisimple, 

(1.5) The algebra K7i G is split semisimple. 

Remark 1.6 - There might be several Gelfand-Graev representations of OG F . 
But they are all conjugate by elements g G G such g~ 1 F(g) belongs to the centre of 
G, and this gives a parametrization of Gelfand-Graev representations by the group 
of F-conjugacy classes in the centre of G (see [DLMll 2.4.10]). In particular, their 
endomorphism algebras are all isomorphic. 
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Moreover, if the centre of G is connected, there is only one (up to isomorphism) 
Gelfand-Graev representation. In special orthogonal or symplectic groups in odd 
characteristic, there are two (isomorphism classes of) Gelfand-Graev representa- 
tions. □ 

l.C. Representations of K7i G . Let (G*,F*) be a dual pair to (G,F) in the 
sense of Deligne and Lusztig [DL, Definition 5.21]. We denote by G* cm the set of 
semisimple elements of G*. If s G G*^, we denote by (s) g .f* its conjugacy class in 
G* F * and by £(G F , (s) g *f*) the associated rational Lusztig series (see |DM[ Page 
136]). We denote by x G the unique element of £(G F , (s) g *f*) which is an irreducible 
component of the character afforded by KY . We view it as a function KG F — > K 
and we denote by x^ its restriction to K7i G . Then (see |DL[ Theorem 10.7] for 
the case where the centre of G is connected and [X] for the general case; see also 
[B3t Remark of Page 80] for the case where F is not a Frobenius endomorphism) , 

[^r G ]= £ xf- 

( S ) G *F* SG*,^ /~ 

Therefore, the next proposition is a particular case of [GRj Theorem 11.25 and 
Corollaries 11.26 and 11.27], taking into account that Kri G is semisimple and com- 
mutative (or, equivalently, that KT G is multiplicity free): 

Proposition 1.8. We have: 

(a) The map s i— > induces a bijection between the set of G* F * -conjugacy 
classes of semisimple elements of G* F and the set of irreducible characters 
of K7i G . 

(b) The map s \— > e x fC^ induces a bijection between the set of G* F * -conjugacy 
classes of semisimple elements of G* F * and the set of primitive idempotents 
of K7i G . 

Moreover, if s G G*,^ , then: 

(c) We have x^ G (e x pe^) = 1 and x^ G (e x pe^) =0 if t G G*^ is not conjugate 
to s in G* F * . 

(d) e x pe^ is the primitive idempotent of K7i G associated with the irreducible 
character x^ ■ 

(e) The KG F -module KG F e x ae^ is irreducible and affords the character xf ■ 

(f) Ifx e S(G F , (s) G „.) and if X?, then X (h) = for all h G KH G . 

Since K7i G is split and commutative, all its irreducible representations have di- 
mension one. In other words, all its irreducible characters are morphisms of K- 
algebras K7i G — > K. So, as a consequence of the Proposition 11.81 we get that the 
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map 

X nG : KH G — > II K 

(1.9) « G .F*eG*£,7~ 

is an isomorphism of i^-algebras. It corresponds to the decomposition 

(1.10) KH G = © KH G e x ae^. 



2. A GENERALIZATION OF THE CURTIS HOMOMORPHISMS 

In [Cl Theorem 4.2], Curtis constructed a homomorphism of algebras /t : 7Y G — > 
(DT F , for T an F-stable maximal torus of G (in fact, Curtis constructed a homo- 
morphism of algebras K7i G — > KT F but it is readily checked from his formulas that 
it is defined over O). We propose here a generalization of this construction to the 
case where T is replaced by an F-stable Levi subgroup L of a parabolic subgroup 
of G: we then get a morphism K7i G — > KTC 1, (note that, if L is a maximal torus, 
then 7Y L = OT F ). We conjecture that this morphism is defined over O and prove 
it whenever Q + (G, L, P) holds or whenever L is a maximal torus (see Theorem 12.71) 
or whenever I does not divide the order of W (see Corollary 13.1 2D . 



2. A. A morphism K7i G — ► KTi}". Let P be a parabolic subgroup of G and 
assume that P admits an F-stable Levi complement L. 

The Gelfand-Graev representation T G of OG F having been fixed, there is a well- 
defined (up to isomorphism) Gelfand-Graev representation T L of OL F associated to 
it \B3\ Page 77] (see also [Blj ). We fix an F-stable Borel subgroup B L of L and we 
denote by Ul its unipotent radical. We fix once and for all a regular linear character 
V> L of U[ such that T L = Ind{£ = OL% L . We identify H L with e^OL F e^. 
We also fix an F*-stable Levi subgroup L* of a parabolic subgroup of G* dual to L 
(this is well-defined up to conjugacy by an element of G* F * : see |DMl Page 113]). 
We then define K Cui G KH G -> KH L as the unique linear map such that, for any 
semisimple element s G G* F * , 

ifCur£(e x Ge^) = e^e^. 

(t) L »F* glj^ /~ 
*e(s) G »F* 

Note that this does not depend on the choice of the representative s in its conjugacy 
class. 



Endomorphism algebras of Gelfand-Graev representations 7 

Proposition 2.1. The map ^-Cur^ is an homomorphism of algebras. Moreover, if 
s E L*^, then 

„.H h _ p llr G _ ^H G 
X s ° if^ ur L - Xs ■ 

Proof. Since the image of an idempotent is an idempotent (and since K7i G and KTi 1, 
are split semisimple and commutative), we get the first statement. The second 
is obtained by applying both sides to each primitive idempotent e x pe^ of K7i G 
(t G G*£). * □ 

Another easy consequence of the definition is the following 

Proposition 2.2. IflSA is an F -stable Levi subgroup of a parabolic subgroup of G 
and i/Lc M ? then k Cut™ o ^Cur^ = ^-Cur^ ■ 



2.B. Deligne-Lusztig functors and Gelfand-Graev representations. Let P 

be a parabolic subgroup of G and assume that P admits an F-stable Levi comple- 
ment L. Let V denote the unipotent radical of P. We set 

Y<? = {gV e G/V | g- l F(g) G V • F(V)} 

and dp = dim(V) — dim(V n F(V)). Then Yp is a locally closed smooth variety 
of pure dimension dp. If A = O, K or 0/l n , the complex of cohomology with 
compact support of Yp with coefficients in A, which is denoted by RT c (Yp, A), is 
a bounded complex of (AG F , AL F )-bimodules which is perfect as a complex of left 
AG F -modules and is also perfect as a complex of right AL F -modules (see |DLt §3.8]). 
Its i-th cohomology group is denoted by H l c (Y G , A): it is a (AG F , AL F )-bimodule. 
For A = O, this complex induces two functors between bounded derived categories 

TZ G CP : D b {OL F ) — ► D b (OG F ) 

C i— > Rr c (Yp , O) ®o L f c 

*n G cP : D\OG F ) — > D\OL F ) 

C i — ► RRom' OGF (RT c (Y G ,0),C). 

These functors are respectively called Deligne-Lusztig induction and restriction. By 
extending the scalars to K, they induce linear maps between the Grothendieck 
groups R G CP : 1Z(K~L F ) -> 1Z(KG F ) and *R G cP : 7Z(KG F ) -> 1Z(K~L F ). We have 

i > 

and "J&pM = E(- 1 )'[^( Y P'^)* AT] 

i ^ 

for all A'G^-modules N and all fTL F -modules M. 
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If (g, I) £ KG F x KL F , we set 



1*lcpGM) = ^(-irTr((^/),^(Y«,K)). 



If (g, I) £ G F x L F , then Tr^ cP (g,l) is a rational integer which does not depend 
on the prime number £ (see |DLl Proposition 3.3]). If xm (respectively xn) denotes 
the character afforded by a i\X F -module M (respectively a f^G F -module N), then 
the character afforded by the virtual module R^ c p[M] (respectively *-Rlcp[^D wm 
be denoted by R^ c pXm (respectively *R^ c pXn)'- it satisfies 



for all g £ G F (respectively I £ L F ). 

Comments (independence on the parabolic) - If P' is another parabolic 
subgroup of G having L as a Levi complement, then the Deligne-Lusztig varieties Yp 
and Yp, are in general non-isomorphic: they might even have different dimension 
(however, note that (— l) dp = (— l) d *" , i.e. dp = dpi mod 2). As a consequence, 
the Deligne-Lusztig functors T^^cp aric ^ ^-lcp' can ^ e r eally different. However, it is 
conjectured in general that -Rlcp = -^lcp' anc ^ *^lcp = *-^lcp'- This * s equivalent 
to say that Tr^p = Ttlcp'- 

For instance, we have Tr^ c p = Ttlcp' if L is a maximal torus [DL[ Corollary 
4.3], or if P and P' are F-stable (this is due to Deligne: a proof can be found in 
[DM] Theorem 5.1]), or if F is a Frobenius endomorphism and q ^ 2 (see [BM] ). In 
all these cases, this fact is a consequence of the Mackey formula for Deligne-Lusztig 
maps. □ 

The Gelfand-Graev representation T L satisfies the following property: 

Theorem 2.3. Assume that one of the following three conditions is satisfied: 

(1) P is F-stable. 

(2) The centre o/L is connected. 

(3) p is almost good for G, F is a Frobenius endomorphism of G and q is large 



Then *R^ cP [KT g ] = (-l) dp [KT L ] . 

Proof. (1) is due to Rodier: a proof may be found in |DLMll Theorem 2.9]. (2) is 
proved in |DLM11 Proposition 5.4]. For (3) see |DLM21 Theorem 3.7], [B21 Theorem 




(respectively 




enough. 




□ 



Endomorphism algebras of Gelfand-Graev representations 







It is conjectured that the above theorem holds without any restriction (on p, q, F 
or the centre of L...). However, at the time of the writing of this paper, this general 
conjecture is still unproved. So we will denote by Q(G, L, P) the property 

(£(G,L,P)) *R G cP [KT G ] = {-l) d -[KT L }. 

Most of the results of this subsection will be valid only under the hypothesis that 
Q(G, L, P) holds. In light of the above theorem, and as there are many other 
indications that C/(G,L, P) holds in general, this should not be viewed as a big 
restriction. 

In fact, there is also strong evidence that the perfect complex of (9L F -modules 
*7^p cP r G is concentrated in degree dp: more precisely, it is conjectured [BR21 Con- 
jecture 2.3] that 

(£+(g,l,p)) *7^ CP r G ^r L [-d P ] 

The conjectural property (? + (G,L,P) is a far reaching extension of £?(G,L, P). It 
is known to hold only if P is F-stable (see Theorem 12.31 (1) or |BR2l Theorem 2.1] 
for a module-theoretic proof) or if L is a maximal torus and (P,F(P)) lies in the 
orbit associated with an element of the Weyl group which is a product of simple 
reflections lying in different F-orbits [BR2| Theorem 3.10]. Of course, a proof of 
this conjecture would produce immediately a morphism of (9-algebras H G — ► 7i L 
(which is uniquely determined since 7i L is commutative). However, as we shall see 
in this section, we only need that Q(G, L, P) holds to get the following result: 



Proposition 2.4. I/£(G,L,P) holds, then, for all h e KH G C KG F , 

KCm G (h) = (-l) dp Tl LcAh,e x ^Je xi e^. 

Proof. We assume throughout this proof that £?(G,L, P) holds. We denote by r G 
the character afforded by the module KT G . Let / : K7i G — > KTi 1 " be the map 
defined by 

f( h ) = (- 1 ) dP Yl Tr Lcp(^ e x*- e V>J e X^L- 

Let s G L*^. In order to prove the proposition, we only need to check that 

(?) xT°f = xT°KCur G . 

First, note that (x^r L ) L F = 1 so, by adjunction, and since £?(G,L,P) holds, 
we have (R g c pX^^ G )g f — ( — l) dp - Since x G is the unique irreducible constituent 
of T G lying in £ (G F , (s) T » F *) and since all the irreducible constituents of R G c pX^ 
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belong to S(G F , (s) g *f*) (see for instance |B3l Theorem 11.10]), we have 
for some m x G Z. By Proposition 11.81 (f), we have 

(*) (^lcp^)W = ("l) dp xf (h) = (-l) dF xT(h) = xTUCn^(h)) 
for all h G K7i G . On the other hand, we have 

XT (f(h)) = (-l^Tr^p^e^J. 

But, since the actions of h and of e x L,e^ L on the cohomology groups H l c {Y^,K) 
commute and since e^e^ is an idempotent, we have that TrL C p(^, e x Le^ L ) is the 
trace of /i on the virtual module 

£(-l) i [^(Y P ,K)e^e^)] = £(-l)TOY P ,K) ® XL , XL%, efe )]. 

i ^ i ^ 

Now, by Proposition II .81 (e). the i^L F -module i^L F e x Le^ L affords the character x^- 
So it follows that 

(**) Tr G cP (h,e x ,e^) = (i^cpx9(/i)- 

So, (?) follows from the comparison of (*) and (#*). □ 

Proposition 2.5. 7/B is a Borel subgroup of G and if T is a maximal torus o/B, 
t/ien C?(G,T, B) /io/ds and ft-Cur^i coincides with Curtis homomorphism fa defined 
in O Theorem 4.2]. VFe feowe, for all h G KH G , 

KCur G .(h) = -^Y. Tl TcB(h,t)t-\ 

I I feT F 

Remark - The formula given in Proposition 12.51 gives a concise form for Curtis 
homomorphism. It can be checked directly, using the character formula [DM[ Propo- 
sition 12.2], that this indeed coincides with the formulas given by Curtis in terms 
of Green functions [CI 4.3]. However, we shall give a more theoretical proof of this 
coincidence. □ 

Proof. Since the centre of T is connected, £?(G,T, B) holds by Theorem 12.31 (2). 
Also, Ut = 1, ipr — 1, so K7i T = KT F . So the primitive idempotents of K7i T are 
the primitive idempotents of KT F and the formula given above can be obtained by 
a straightforward computation. 

Now, let T* be an F*-stable maximal torus of G* dual to T. If s G T* F * , then 
xj = xV' an d, by [CI Theorem 4.2], Curtis homomorphism fa : K7i G — > KT F 
satisfies 

t r n G 

Xs ° fa = Xs • 



Endomorphism algebras of Gelfand-Graev representations 



11 



Since x n is an isomorphism of i^-algebras, we get from Proposition 12.11 that / T = 
Cur G . □ 

Remark 2.6 - If x is a class function on L F (which can be seen as a class function 
on K~L F ) and if Q(G, L, P) holds, then we have 

X (Onf (/*)) = (-l) d *R? cP (x)(h) 
for all h G K7i G . For this, one may assume that \ £ IrrL F . Let s G L*^ be such 
that x £ (s) l *f*). If x — X^i then this is the equality (*) in the proof of the 

Proposition [231 If X ^ X«> we must snow tnat -R G cP (x)(/i) = for all h G KH G 
(see Proposition 11.81 (f)). Let 7 G IrrG F be such that (7, -R g c pX)g f 0. Then 
7 G £(G f (s) g *f*) (see for instance |B3l Theorem 11.10]) and, by Proposition 11.81 
(f), it is sufficient to show that 7 7^ XT- But 

(x?,Rlcpx) g f = (r G ,R G c px) G * = (r L ,x>L- = o. 

This shows the result. □ 

2.C. A morphism 7t G — > 7Y L . We conjecture that, in general, kCvh g (H g ) C 
7i L . At this stage of the paper, we are only able to prove it in the following cases 
(in Corollary 13.121 we shall see that this property also holds if £ does not divide the 
order of W) : 

Theorem 2.7. We have: 

(a) If Q + (G,~L,P) holds, then kCut g (H g ) C H l and the resulting morphism 
of O -algebra H G — > 7^ L coincides with the functorial morphism coming from 
the isomorphism *TZ G cF T G ~ r L [— dp]. 

(b) If L is a maximal torus, then kCut g (H g ) C H l . 

Proof, (b) follows easily from Proposition 12.51 and from the well-known fact that, if 
(g,l) G G F x L F , then |L F | divides Ti G cP (g,l) because L is a maximal torus. 

(a) The complex RT c (Yp ,0) is perfect as a complex of left (9G F -modules. 
Therefore, we have *TZ G cP C = RT C (Y G , O)* ® OG ^ G for any complex C of OG F - 
modules. If (? + (G,L,P) holds, then this means that we have an isomorphism 
RT c (Yp , 0)*e</, ~ r L [— dp]. In particular, the complex RT C (Y G ,0)*e^ is concen- 
trated in degree dp. Therefore, there exists an (Oli F , 7i G )-bimodule P such that 
Rr c (Yp,C)*e^, ~ P[— dp]. Moreover, as a left OL F -module, we have an isomor- 
phism a : OL F e^ — —> P. 

This induces a morphism 

a-. n G — > n L 

h 1 — > a _1 (a(e^, L )/i). 
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The morphism a : H G — > 7Y L does not depend on the choice of a because 7i L is 
commutative. This morphism can be extended to a morphism : K7i G — > KT-[ h , 
h i — > K^ l {KOi{e^)h). Now the Theorem would follow if we show that x<5 = ^Cur G • 
So let s G G*^. Let £ be a set of representatives of L F -conjugacy classes 
which are contained in L* F * n (s)g* f * and let e = Ste£ e ^L e x L " Then *R G c pX G = 
(— l) dp J^tefXt'- m particular, a induces an isomorphism 

KPe yL ~ KL F e. 

A.s 

So this shows that K a(e^e x a) = e, as desired. □ 



2.D. Truncation at unipotent blocks. We denote by b G the sum of the unipotent 
block idempotents of G F . In other words, 

" G = E E <* 

«6G:*V~ x€£(G',(.) g .f.) 
s is an ^-element 

The algebra 7i G is a module over the centre of the (9-algebra (9G F : so b G 7i G is an 
(9-algebra with unit b G e^. Note that 

s is an ^-element 

Now, by definition, we get 

xCur G (&%) = 6% L . 

In particular, 

(2.8) ^Cur£(6 G A^ G ) C b L KH L . 

Let us also recall for future reference the following classical fact: 

Proposition 2.9. The projective OQ F -module fe G T G is indecomposable. 

Proof. See |CE2| Proposition 19.6 (i)]. Note that the statement in |CE2j is made 
under the hypotheses that G has connected center, but the proof applies without 
change in the general situation. □ 



Corollary 2.10. The algebra b G H G is local. 



Endomorphism algebras of Gelfand-Graev representations 



13 



3. Glueing Curtis homomorphisms for maximal tori 

If B is a Borel subgroup of G and if T is an F-stable maximal torus of B, we 
then write _R G , and Tr G for the maps (see the comments at the 

end of subsection 12. Bl and Proposition 12.11 (c)). 

Let T G denote an F-stable maximal torus of B G We set W = iV G (T G )/T G . For 
each w G W, we fix an element g G G such that g~ l F(g) belongs to iV G (T G ) and 
represents w. We then set = gTcg^ 1 . We then define, following |CSj Lemma 

1], 

C ur G : H G — > \{OT F w 

h (Cur% w (h)) wew . 
The aim of this section is to study the map Cur G . 

3. A. Properties of ^Cur G . Before studying Cur G , we shall study the simpler map 
kCut g . It turns out that ft-Cur G is injective and it is relatively easy to describe its 
image: both facts were obtained by Curtis and Shoji \CS\ Lemmas 1 and 5] but we 
shall present here a concise proof. 

We first need to introduce some notation. If w G W, we fix an F*-stable maximal 
torus dual to TV If t G T£f*, then xj w is a linear character of T F . If s is a 
semisimple element of G* F , we set 

<°<«> - ( e v»)„ w e n k <- 

t6(s) »F*nT*j p * w&V 

Then, by definition, we have 

(3.1) ^Cur G (e x? e^) = e G (s). 

Since (e G (s))( s ) gG *F* is a K-linearly independent family in Yl we w KT F , we get: 

Proposition 3.2 (Curtis-Shoji). The map s-Cur G is injective and 

Im ^Cur G = © Ke G (s). 

(»)eGs£,7~ 

Corollary 3.3. T/ie maj> Cur G is injective. 

We shall now recall a characterization of elements of the image of #Cur G which 
was obtained by Curtis and Shoji [CSl Lemma 5]. We need some notation. Let S G 
denote the set of pairs (w, 6) such that w G W and 6 is a linear character of T F 
(which may also be viewed as a morphism of algebras OT F — > O or i^T^ — ► if). 
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If (w, 0) and iw',6') are two elements of S G , we write (w,9) = {w',6') if (T w ,9) 
and (T^,^') lie in the same rational series (see for instance |B3l Definition 9.4] for 
a definition). 

Corollary 3.4 (Curtis-Shoji). Lett = (t w ) w€W G U w£ w KT ^- Thent e Im K Cur G 
if and only if, for all (w,8), {w',6') G S G such that (w,8) = {w',6 1 ), we have 
9{t w ) = 6'(t w i). 

Proof. Let t = {t w ) w& w £ IlwgVF ^^w- Since for all w G W , KT F is split commu- 
tative and semi-simple, the idempotents of KT F form a i^-basis of KT F , and we 

may write t = H weW EgeTjT a J We xJ^ where a J w G K - 

Now, from Proposition 13.21 we have that t G Im ^Cur G if and only if, whenever 
g,g' are rationally conjugate semi-simple elements of G* F * , then for any w,w' G W 
such that g G T* F * and g' G T'* F *, we have aj w = a^, w ' . On the other hand, 
if g G T£f*, then a Tm = X<f m (^)- The result follows from the definition of the 
equivalence relation on S G . 

□ 



3.B. Symmetrizing form. The 0-algebra 7i G is symmetric. In particular, the O- 
algebra ImCur G is symmetric (see Corollary 13.31) . We shall give in this subsection 
a precise formula for the symmetrizing form on ImCur G . For this, we introduce the 
following symmetrizing form 

r: n^ T - — > K 

{%w)w£W 1 * PR/I ^ ^ 'tu(^'to)) 

where : KT F — > is the canonical symmetrizing form. 

We denote by r : OG F — > (9 the canonical symmetrizing form. We denote by 
the restriction of |Uq|t to 7i G : it is a symmetrizing form on Ti. G (recall that |Uq| 
is invertible in O and is the highest power of p dividing |G F |). Note that 

r w (e^) = 1. 

Of course, the extension kt~h ■ K7i G — > X is a symmetrizing form on K7i G . We 
have 

(3.5) = f o ^Cur G . 

Proof. Since r„, is a class function on T^, we have, by Remark [231 

f{ K Cnv G {h)) = ^Y. R ^m 
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for all h G KH G . But, by |DMl Proposition 12.9 and Corollary 12.14], we have 

■4 £ = |u£|r. 

This completes the proof of the formula 13.51 □ 

3.C. On the image of Cur G . We are not able to determine in general the sub-O- 
algebra Im(Cur G ) of n^ew ®^-v>' ^ course, we have 

(3.6) Im(Cur G ) C Im(^Cur G ) n ( JJ OT F ). 

However, there are cases where this inclusion is an equality: 

Theorem 3.7. If £ does not divide the order ofW, then 

Im(Cur G ) = Im( x Cur G ) n ( JJ OT F ). 

Proof. Let A be the image of Cur G . Then, since 7i G is a symmetric algebra (with 
symmetrizing form t-h), it follows from [331 that A is a symmetric algebra (with 
symmetrizing form ta, the restriction of f to A). 

Now, let B = Im(^Cur G ) n (H weW OT F ). If t does not divide \ W l then the 
restriction of f to B defines a map tb : B — > O. By construction, we have A <Z B C 
KA. So the result follows from Lemma [3.81 below. □ 

Lemma 3.8. Let {A, r) be a symmetric O-algebra and let B be a subring of KA 
such that A C B and #t(<B) C O. Then A = B. 

Proof Let (ai, . . . , a n ) be an C-basis of A and let (a*,. . . , a*) denote the dual O- 
basis of A (with respect to r). Then, for all h G KA, we have h = Y^i=i K T {ha*)ai. 
Now, if moreover h G B, then ha* G B for all i, so Kr(ha*) G O. So h G A. □ 

Remark 3.9 - If £ does not divide the order of W, then the Sylow ^-subgroups of 
G F are abelian. If G F = SL 2 (F g ), if q is odd and if I = 2, then the inclusion 13.61 is 
strict. If G F = GL 3 (F 2 ) and if £ = 3, then £ divides \ W\ but the Sylow 3-subgroups 
of G are abelian: in this brute force computation shows that the inclusion 

13.61 is an equality. This suggests the following question: do we have an equality in 
\3.6\ if and only if the Sylow £-subgroups of G F are abelian? 

By Corollary 13.41 and Theorem 13.71 we get: 

Corollary 3.10. Let t = (t w ) G U w &w OT w and assume that £ does not divide the 
order ofW. Then t G ImCur G if and only if, for all (w, 9), (w', 9') G S G such that 
(w,9) = (w',9') ; we have 9{t w ) = 9'(t w ,). 
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Corollary 3.11. Let h £ KH G and assume that £ does not divide the order ofW. 
Then h £ H, G if and only if #Cur T (/i) £ OT F for all F -stable maximal tori of G. 

The next result has been announced at the beginning of §2. CI 

Corollary 3.12. If~L is an F -stable Levi subgroup of a parabolic subgroup ofG and 
if £ does not divide the order ofW, then K Cur G (H G ) C 7i L . 

Proof. Let h £ H G and let h! = jrCur L (h) . By Corollary 13.111 it is sufficient to 
show that xCur^(Zi') £ OT F for all F-stable maximal torus T of L. But this follows 
from the transitivity of the Curtis maps (see Proposition 12. 2\\ and from the fact that 
K Cm G (H G ) C OT F (see Theorem Q. □ 



3.D. Truncation at unipotent blocks. We keep the notation introduced in §2.D[ 
for instance, b G denotes the sum of the unipotent blocks of G F . 

Theorem 3.13. Assume that £ does not divide the order of W . Let S denote a 
Sylow £-subgroup of G F and let T denote a maximally split F -stable maximal torus 
ofC G (S). Then Cur G induces an isomorphism 

b G H G ~ (OT F b T ) N ^ F{T) ~ (OS) n ^ f{s) . 

Proof. First, since £ does not divide the order of W, S is contained in some maximal 
torus and the centralizer C G (S) is an F-stable Levi subgroup of a parabolic subgroup 
of G. In particular, S is abelian, T F contains S and S is a Sylow ^-subgroup of 
T F . This implies that iV G F(T) C N g f(S). Moreover, if n £ N g f(S), then n T is 
another maximally split maximal torus of C G (S) so there exists g £ C g f(S) such 
that n T = 9 T. This shows that 

(1) N g f(S) = N g f(T).C g f(S). 

This also implies that the map OS — > OT F b T , x i— > xb T induces an isomorphism 

(OT F b T ) N ^ F{T) ~ (OS) N e p{s) . 
So we only need to show that Cur^ induces an isomorphism of algebras b G 7i G ~ 

Now, by 1231 we have that Cur£(6 G ft G ) C (OT F b T ) N ^( T \ So it remains to 
prove that Cur G is injective on b G 7i G and that the above inclusion is in fact an 
equality. 

Let us first prove that Cur G is injective on b G 7i G . Let T* denote an F*-stable 
maximal torus which is dual to T. Let S* denote the Sylow ^-subgroup of T* F . 
Then |G F | = |G* F *| and |T F | = |T* F *| so S* is a Sylow f-subgroup of G* F \ In 
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particular, every ^-element of G* F * is conjugate to an element of S*. So ^Cur^ is 
injective on b G KH G , as desired. 

Moreover, since S* is abelian, two elements of S* are conjugate in G* F * if and 
only if they are conjugate under N g ,f* (S*) that is, if and only if they are conjugate 
under N G » F * (T*): indeed, by the same argument used above for proving (1), we 
have 

(1*) N G . F .(S*)=N G .r.{T*).C G .(S*). 
In particular, 

(2) K Cm G (b G KH G ) = {KT F b T ) N ^ T \ 
So, by (2), we only need to prove that, 

(?) if he b G KH G is such that K Cni^{h) e OT F , then h e b G H G . 

We shall prove (2) by induction on dimG, the case where dimG = dimT being 
trivial. So let h G b G KH G be such that K Cur^{h) e OT F . Let w G W. By 
Corollary 13.111 we only need to show that #Cur T (/i) g OT F . 

Let S w denote the Sylow ^-subgroup of T^. Since S is a Sylow ^-subgroup of G F , 
we may, and we will, assume that S w C S. Now, let L = Cg(S w ). Since S w is an 
^-subgroup and £ does not divide the order of W, L is an F-stable Levi subgroup of 
a parabolic subgroup of G. Moreover, we have TcL and T w C L. 

Now, let h' = K Cm G (h). Then h' G b^KV^ (see E3J) and, by hypothesis, we 
have K Cm^(ti) = K Cm G (h) e OT F . So, if dimL < dimG, then h! G 6 L 7Y L by 
induction hypothesis, and so #Cur Tm (/i) = #Cur^ (/&') G OT F , as desired. This 
means that we may, and we will, assume that L = G (or, in other words, that S w is 
central in G). This implies in particular that S w is the Sylow ^-subgroup of Z(G) F . 
Moreover, since £ does not divide \W\, it does not divide |Z(G)/Z(G)°|, so S w is the 
Sylow ^-subgroup of (Z(G)°) F . Since \T F \ = \T* W F *\ and |(Z(G)°) F | = |(Z(G*)°) F *|, 
the Sylow ^-subgroup of T£f* (which we shall denote by S^) is central in G*. 

So, let us write 

h = a s e x Ge^. 

s is an ^-element 

Then, by hypothesis, 

".<h£ G OT F . 

s£S* 

In other words, we have, for all t G T F , 

(3) $> sX J(t) G 0. 
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We want to show that, for all t G T£\ 



W I s 



ses* 



Since Xs w {t) = 1 if t is an £'-element of and s G S^, we only need to show (??) 
whenever t G S w . But, in this case, xj w {t) = xJCO since t is central in G. On the 
other hand, let S' = {f G 3 | V a G S£, xj(t') = 1}. Then 5 = S" x S^. So, by (3), 



we have, for all t G S v 



ill £ (E °^ T (*o) e °- 



t'eS' ses* 



But 



t4t £ (£ a sxJ(tt')) = J-| ]T a sX J»(t), 

' ' t'GS" ' W ' sGS* 



so (??) follows. □ 



4. The Curtis-Shoji homomorphism 

Let d be a fixed positive integer. In |CSl Theorem 1], Curtis and Shoji defined an 
algebra homomorphism from the endomorphism ring of a Gelfand-Graev representa- 
tion of KG pd to the endomorphism ring of a Gelfand-Graev representation of KG F . 
In this section, we review the definition of this homomorphism. We conjecture that 
this homomorphism is defined over O and prove this in a special case. 

Since we are working with two different isogenies F and F d , we shall need to use 
more precise notation. We shall use the index ?( e ) to denote the object ? considered 
with respect to the isogeny F e : for instance, shall denote a Gelfand-Graev 
representation of G pd , Xwi) shall denote the character of the finite group L F 
and so on. 

4. A. Notation. According to our convention, the regular linear character ip of XJ F 
will be denoted by ^m. We fix a regular linear character ip^) '■ Uq — > O x C K x . 
Set 

Tf d) = OG Fd e^ d) ^lnd^ d 0^ d) . 

and let denote the endomorphism algebra of the CG Fd -module rS). For 
£ G G*^ d , we denote by X^L) the unique element of £(G Fd , (t) G * F *d) which is 
an irreducible component of the character afforded by KT^. If T is an instable 
maximal torus, we shall denote by CurJjJ^ : T~tfy — > OT Fd the Curtis homomor- 
phism. 
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Remark - By Remark ll.6[ the endomorphism algebra 7Y£a does not depend on the 
choice of the regular linear character i/j^) . There is nevertheless a "natural" choice for 
ipu), which is compatible with the theory of Shintani descent. It is defined as follows. 



Consider the map N : Ug" /D(U G ) Fd 
Then one can take ip^ — V'(i) ° N. n 



U£/D(U G ) 



u 



uF{u)---F° 



4.B. The Curtis-Shoji homomorphism. For an F-stable torus T of G, denote 
by 



N 



F d /F 



the surjective group homomorphism 

Denote by N^ d / F also the O-linear map OT F -> OT F extending N F * /FtT . 
Proposition 4.1 (Curtis-Shoji). There exists a homomorphism of algebras 



K A G : KHf d) 



KH? X 



(i) 



which is characterized as the unique linear map from KHf d) to KH? X) with the 
property that 



rCur 



for any F -stable torus T o/G. 

Proof. See \CS\ Theorem 1]: the proof uses essentially only the fact that the map 
ft-Cur^ is injective (see Proposition 13.21) and the computation of its image (see 



K 



Cur 



T,(d)> 



Corollary E3I). 



□ 



Corollary 4.2. Let L be an F-stable Levi subgroup of a parabolic subgroup of G. 
Then jfA L o K Cni G ^ = kCui g m ° kA 1, . In other words, the diagram 

G ^Cur^ 
n (d) " n (d) 



K 



A G 



K 



Cur 



L,(l) 



K 



A L 



(i) 



n (1 



is commutative. 



Proof. Let / = K A o ^Cur L (d) and g 



(i) 



jrCur£ (1) o K A 



By Proposition 



it 



is sufficient to show that ^-Cur T ^ of = #-Cur T ^ og for any F-stable maximal 
torus T of L. But this follows from the transitivity of the Curtis homomorphisms 
(see Proposition 12.21) and the defining property of the homomorphisms kA 1 (see 
Proposition 14.11) . □ 
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We also derive a concrete formula for the map ^ A G : 

Corollary 4.3. The map ^ A G is the unique linear map from KHf d) to KHf x) with 
the property that for any t G G*^, 



^ A °( e x? (d) e ^)) = E e x? (1) e ^(D 

( s )ci*F* £C"scm /~ G *F* 



In particular, if (t) G „ F *d fl G* F * is empty, then K A(e x ,ae^i) = 0. 
Proof. Let a = #A (e x G d e^ (ci) ) and 

6= e x? m e ^y 



,(i) 

By Proposition 13.21 we only need to show that, if T is an F-stable maximal torus 
of G, then kCw t n\(a) = #Cur G But, by Proposition 14.11 we have 

xCur G (1) (a) = KN^ d/F (KCur G (d) (e x G d) e^ (d) ). 

Therefore, 



( s )q*F* SG*^ /~ G »F* 



ifCur G (1) (a) - x N^ d/F ^ ^ 
On the other hand, 



e t 



*Cur G (1) (6) = £ 

G 

So it remains to show that, if s G T F * d , then 



«6T*'*n(t) r ,, li , d 



t,(l) 



K 



e^x if s G T 



*F* 



otherwise. 



But this follows easily from the fact that, by definition |DL[ 5.21.5, 5.21.6], we have 
xj(i) ° N^ d / F = xj(d) as linear characters of T Fd . □ 



4.C. A map H%. — ► We conjecture that, in general, K A G (H G f) ) C 7^ } , so 

that ^ A G is defined over 0. However, we are only able to prove this in the following 
special case. 

Theorem 4.4. If £ does not divide \W\, then K A G (H? d) ) C H? iy 
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Proof. Let a G H? d s and let h = ^A G (a) G KH%. By Corollary EHH we need to 
show that, if T is an F-stable maximal torus of G, then #Cur T n\(h) G OT F . But, 
by Proposition 14.11 ^Cur G ^(h) = K^'pd/ F (t), where t = ft-Cur^^a). Now, by 
Theorem 13 .71 ft-Cur^ ^^a) G OT pd . So the result follows from the fact that ^N^^ 
is defined over O. □ 



4.D. Truncating at unipotent blocks. Here we study the restriction of the 
Curtis-Shoji homomorphism to the component b^K7i G of K7i G (by our usual 
convention in this section, b?^ denotes the sum of the unipotent block idempotents 
ofG Fm ). 

It is immediate from Corollary 14.31 that ft-A(6^e^ (d) ) = 6^e^ (1) . We denote by 

the map obtained by restricting ifA G . 

Proposition 4.5. We have 

(a) kA g is surjective if and only if whenever a pair of £- elements of G* F are 
conjugate in Q* F * d ) they are also conjugate in G* F * . 

(b) ft-A G is injective if and only if every t-element of G* F * d is Q* F * d -conjugate 
to an element of G* F * . 

Proof. ft-A G is a unitary map of commutative split semi-simple algebras, hence is 
surjective if and only if the image of any primitive idempotent is either a primitive 
idempotent or 0. Similarly, _r-A g is injective if the image of every idempotent is 
non-zero. Both parts of the proposition are now immediate from Corollary 14.31 □ 

Let 2(G) denote the finite group Z(G)/Z(G)°. The following corollary is related 
to [CSl Lemma 6]: 

Corollary 4.6. Let r denote the order of the automorphism of Z(G)e induced by 
F. If gcd(d,r£) = 1, then K /S.f is surjective. 

Proof. The proof is somewhat similar to the proof of |CS} Lemma 6]: since our 
situation is a bit different and since our hypothesis is slightly weaker, we shall recall 
a proof. Let s and t be two ^-elements of G* F * and assume that they are conjugate 
in Q* F * d . By Proposition 14.51 (a), we only need to show that they are conjugate in 

Q*F* 

So let g G G* F * d be such that t = gsg^ 1 . Let A = Cg*(s)/Cq*(s) and let a denote 
the automorphism of A induced by F*. We set A = Ax < a >. It is a classical fact 
that A is an £-group (since s is an ^-element: see for instance jBrMl Lemma 2.1]) 
and that there is an injective morphism A Z(G) A commuting with the actions of 
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the Frobenius endomorphisms (see for instance [B3\ 8.4]). In particular, the order 
of a divides r. So gcd(d, A) — 1. Therefore, the map A — > A, x t— > a; d is bijective. 

Now, since s and t are F*-stable, the element h = g~ 1 F*(g) belongs to Cg*{s). 
We denote by x its class in A. The fact that g belongs to Q* F * d implies that 
hF*{h) ■ ■ ■F* d ' 1 (h) = 1. So xa(x) ■ ■■a d - x {x) = 1. In other words, (ifr) d = o d . So 
x = 1. In other words, g~ 1 F*(g) e Cq»(s). By Lang's Theorem, this implies that s 
and t are conjugate in G* F *. □ 

Corollary 4.7. //£ does not divide [G pd : G F ] ; t/ien ^Aj" is injective. 

Proof. This follows from the fact that |G F | = |G* F *| (and similarly for F d ) and 
from proposition 14.51 □ 

Let us make a brief comment on this last result. If r denotes the order of the 
automorphism induced by F on 2(G)i (as in Corollary 14. 6p . it is not clear if the 
condition that I does not divide [G pd : G F ] implies that d is prime to r. However, 
one can easily get the following result: 

Lemma 4.8. If £ divides \G F \ and does not divide [G pd : G F ], then £ does not 
divide d. 

Proof. It is sufficient to show that, if £ divides |G F |, then £ divides [G pl : G F \. For 
this, let q = q 1 ^ (recall that F 5 is a Frobenius endomorphism on G with respect 
to some Fg-structure on G). We denote by the automorphism of V = X(T) ®z K 
such that F = q <j). Then normalizes W so the invariant algebra S(V*) W can be 
generated by homogeneous polynomials f\,. . . , /„ (where n = dimx V = dimT) 
which are eigenvectors of (f>. Let d{ denote the degree of fi and let e« G K x be such 
that <p(fi) = Eifi. Then 



|G F l=gi* +l n(% ! 



1=1 



and |G^|=gf +l II(^ 
In particular, we have 

n 

[G F < : G-] = qt m+l + + ■■■ + + et 1 )- 

i=i 

View this last equality in O (and recall that [ denotes the maximal ideal of O). 
Now, if £ divides |G F |, there exists i such that 

= £j mod [. 

Therefore, 
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This shows that [G F< : G F ] G In Z = £Z. □ 

If jfAf (bf d) Hf d) ) C 6g)W(Jj, we denote by Af : -> tf^Hfa the induced 

map. This happens for instance if i does not divide \W\ (see Theorem I4.4|) . 

Theorem 4.9. If i does not divide \W\ ■ [G pd : G F ], then Af : bf d) Hf d) -> ft^Wg) 
zs an isomorphism of algebras. 

Proof. By Theorem 14.41 the map is well-defined. By Corollary 14. 7\ it is injective. 
So it remains to show that it is surjective. 

First, the order of Z{G) divides the order of W . So, since I does not divide the 
order of W, we get that Z(G)e = 1. So, by Corollary 14. 61 the map xAf is surjective. 
So, if h G 6mW«], there exists h G &^i\~7-^ such that K Af(h) = h. So it remains 
to show that h G b?^Tl9L. 

Let S 1 be a Sylow ^-subgroup of G F . By hypothesis, it is a Sylow ^-subgroup of 
G pd . Let T be a maximally split F-stable maximal torus of Cc{S) (as in Theorem 
13.131) . Let t = ^CurJj? ^(h) and t = gCm^n^h). Then, by Proposition 14.11 we 



have 

t = K Nj d/F (t) 

and, bv PI 

t G KT Fd bf d) and t G KT F bf iy 

Also, by the statement (?) of the proof of Theorem 13. 131 it is sufficient to show that 
teOT Fd bf d) . 

Write t = Ylze_T Fd aiZ anc ^ * = SzeT F ^ "with ciz £ K and 6 2 G 0. Let i7 be 
the kernel of the group homomorphism N^ d y F . By hypothesis, S is also a Sylow £- 
subgroup of T pd . So £ does not divide [T Fd : T F ] = \H\. Now, if z G T Fd , and if we 
set z = N^ d y F (5), then b z = J2heH a hz- But, since t G KT F bT», we have = a 5 
for every /i G H (in fact, for every ^'-element /i of T F<i ). So \H\a s = b z E O, which 
means that a z - S since \H\ is invertible in O. □ 
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